Majorana zero modes are non-Abelian quasiparticles that emerge on the edges of topological phases of superconductors. Evidence of their presence have been reported in transport measurements on engineered superconducting-based nanostructures. In this manuscript we identify signatures of a topologically protected dynamical manipulation of Majorana zero modes via continuous transport measurement during the manipulation. Specifically, we show that, in a two-terminal geometry, the heat pumped across the terminals at low temperature and voltage bias is characterized by a universal value. We show that this feature is inherent to the presence of Majorana zero modes and discuss its robustness against temperature, voltage bias and the detailed coupling to the contacts.
Introduction Majorana zero modes are non-Abelian quasiparticles bound to the surface and to defects in topological supercoductors. [1] [2] [3] Driven by the promise of exploiting their non-Abelian statistics for fault-tolerant information processing [4] , proposals for engineering such a topological phase in superconductor-based nanostructures have shifted the focus on Majorana zero modes form a purely theoretical feature [2, 5, 6 ] to an experimentally observable entity [7] [8] [9] . While the first wave of experiments [10] [11] [12] [13] [14] [15] were designed solely to detect these exotic excitations, the next generation of experiments [16] [17] [18] and theoretical proposals [19] [20] [21] [22] [23] [24] aim at probing directly their non-local topological properties, with the ultimate goal of optimising and controlling their manipulation.
A key feature of topological phases based on superconducting nanostructures is the multitude of available detection schemes. To date, transport properties, such as conductance and tunneling density of states [25] , have provided the predominant evidence of Majorana zero modes [10] [11] [12] [13] [14] [15] , and charge sensing schemes have been proposed to effectively implement braiding protocols [26] [27] [28] . Indeed, having an open apparatus, where the topological material is coupled to non interacting leads, allows to define new topological invariants based on scattering states [29] [30] [31] .
In this manuscript we look at an intermediate benchmark towards the implementation and detection of topologically protected operations by examining the transport signatures of a braiding protocol. For this purpose we consider the minimal setup for the exchange of Majorana modes, in a Y-junction layout, see Fig. 1 . In a sequence of operations shown in Fig.  2 , the Y-junction setup is then driven to perform Majorana braiding. We show that a combination of the density of heat and charge pumped during the braiding cycle is a universal quantity, independent of the details of the driving and of the couplings to the external leads. We further discus how this measurable feature is affected by temperature and by the contact geometry. This universal value stems directly from the geometric properties of the braiding cycle in parameter space, and can be used as a signature of such a topologically protected operation. It also provides a new potential tool for engineering heat pumping device. Model -The system we consider is schematically depicted in Fig. 1 . It consists of three topological superconducting (TSC) wires arranged in a Y-junction configuration. The wires can be realized in proximity coupled semi conducting wires with a strong spin orbit coupling, subjected to a magnetic field and proximity coupled to a superconductor [8, 9] . Throughout the manuscript we will assume that the superconductors are large enough such that charging effects can be neglected. Each topological superconducting wire hosts two Majorana zero modes at its end. At energies well below the induced superconducting gap, ∆, the Hilbert space is spanned by three Majorana bound states γ i where i = x, y, z which appear at the three ends of the Y-junction, and a single Majorana bound state at the center γ 0 , as shown in the figure. (The junction may host additional sub gap states. We restrict to energies which are well below any accidental subgap excitations). The four Majorana zero modes can be gapped in pairs, and the effective low energy Hamiltonian of the Y junction is
where ∆ = ∆(sin θ cos φ, sin θ sin φ, cos θ) and γ = (γ x , γ y , γ z ).
In order to study the transport properties of the system we couple the Y-junction to two single channel leads, denoted by L, R. 
with ξ αk the lead energy dispersion and with the tunneling charcterised by the rates Γ α = πν α |t α | 2 , ν α the energy density of sates.
The Y-junction is the simplest proposed setup that allows to perform Majorana braiding. This can be achieved by adjusting the pairwise coupling ∆ i between in an adiabatic sequence using gates or magnetic fluxes [32, 33] . The pairwise coupling sequence and the corresponding cycle in the parameter space are depicted in Fig. 2 . The induced operation on the state of the system can be better understood by applying an orthogonal rotation on H Y to obtain H d Y = i∆γ 0 γ r , where γ r = γ ·ê r , and the two zero modes γ θ = γ ·ê θ and γ φ = γ ·ê φ , witĥ e r ,ê θ andê φ the basis vectors in spherical coordinates, and e θ andê φ span a two fold degenerate subspace. The evolution induced by adjusting the pairwise coupling shown Fig. 2 corresponds to adiabatically changing the projection of the Majorana bound states physically coupled to the leads γ x,y,z on to the degenerate subspace spanned by γ θ , γ φ . Importantly the operation is exponentially protected regardless of the fluctuations in controlling the system parameters [33] .
Adiabatic change of scattering matrix -The adiabatic manipulation of the system parameters depicted in Fig. 2 can be regarded as pumping cycle when the system is coupled to external leads, see Fig. 1 . In order to study the transport properties of the braiding cycle, we compute the scattering matrix defined as Ψ out ( ) = S( )Ψ in ( ) where the scattering states
are in the basis of electrons (e) and holes (h) in the left (L) and right (R) leads. The scattering matrix can be expressed as [34] :
Where W is the matrix that encodes the coupling to the leads. Eq. (3) is more transparent in the rotated basis:
[Φ e,α ± Φ h,α ]. From Eq (2) it follows that in this basis the scattering matrix takes a block diagonal form with only two channels coupled to the Y-junction. We therefore restrict to the two dimensional basis of coupled channels,
Here the coupling matrix takes the simplified form
, and the scattering matrix can be written as S( ) = 1 2 ⊕S( ), where theS( ) ∈ U (2) is the non-trivial block of the scattering matrix.
At energies well below the induced superconducting gap, ∆, only the two fold degenerate ground-space of the Hamiltonian takes part in the transport, and we need to account for the lead-system coupling terms projected on the ground state only. Defining a projection operator P g = |θ θ| + |φ φ|, we can rewrite the expression for the scattering matrix in Eq. (3) by replacing W with its projected equivalent,
where θ|x = cos θ cos φ, θ|y = cos θ sin φ, φ|x = − sin φ, φ|y = cos φ. Using Eq. (4) in Eq. (3), the resulting scattering matrix takes a simplified form:
where an analytical expression for η( ) ∈ [0, 2π), χ( ) ∈ [0, π], and δ( ) ∈ [0, π) which depend on the parameters controlled along the cycle, θ and φ, is given in the supplemental material [39] . For equal coupling strength Γ L = Γ R the mapping takes a compact form:
Eq. (5) maps the path in parameter space depicted in Fig. 2 to a path in the space of scattering matrices, as depicted in Fig.  3 . In the limit of low excitations energies min Γ L , Γ R and for generic coupling strength Γ L = Γ R , the path C of S( ) approaches the solid line in Fig. 3 . Note that = 0 gives a trivial path. This reflects the fact that the zero-energy limit conflicts with the exponentially small energy splitting due to the overlap of Majorana zero modes, 0 , and a non trivial limit requires 0 . .
Pumped charge and heat -In order to identify a suitable transport property which reflects the global geometric properties of the path in parameter space (cf. Fig.2 ), we consider first the charge and heat current at lead α,
tively, where f in ( ) and f out ( ) are the ingoing and outgoing electronic energy distribution functions in the leads, kept at temperature T and voltage bias eV = µ. The latter is determined by the time dependent scattering matrix of the system. Following a well established procedure [1] , the scattering matrix is expanded to include the leading small slow-varying corrections, to obtain the expression for the pumped charge and heat Q e( ),α = τ 0 dt I e( ),α (t) in terms of the parametric dependence of the scattering matrix [36] . The result are known for the case superconducting leads [1] [2] [3] , and we extend them here to a normal-superconducting junction with a Majorana zero modes -see [39] .
At finite bias µ = 0, the braiding manipulation gives rise to heat and charge currents, both accompanied by timeindependent contributions. However, at µ = 0, as a direct consequence of particle-hole symmetry of the Majoranalead coupling, the charge current is identically zero even in the presence of a driving. That is not generally the case for the heat current, which embeds the geometrical contribution resulting from the braiding protocol. In this limit, the heat pumping is given by Q ,α (µ = 0, where f ( ) is the Fermi distribution function and
Here β = L, R, ν = e, h and r = L − , R − . At low temperatures, T → 0, this expression reduces to:
The zero energy limit of Q 0,α can be conveniently computed using the mapping of the path in parameter space to that in the scattering matrix space, portrayed in Fig. 3 . In this limit, the heat pumped approaches a universal value independent on the coupling parameters Γ L , Γ R . Form Eq. (5) and Eq. (7) we find:
Eq. (10) is the main result of our paper. A few comments are in place. We first note that the braiding protocol defines a path in parameter space (see Fig. 2 ). At low scattering energies → 0 this path is mapped onto a distinctive path in the scattering matrix space, independent on the coupling to leads, which in turns leads to the universal value of Q ,α /T . This universal value is therefore inherited from the geometrical properties of the path in parameter space, and reflects its topological protection, i.e. the measured heat pumped is protected against fluctuations of the coupling and the cycle driving. Second, in the absence of Majorana zero energy excitations, the ground state degeneracy is lifted. This corresponds to setting = 0 in Eqs. (5, 6) , where the path in parameter space would be trivial and there would be no pumped charge or heat. Finally, we see from Eq. (8) that Q ,R = −Q ,L . This anti-correlation of pumped heat at the two leads is distinctive of the Majorana braiding cycle, and can be used to distinguish the presence of Majorana bound states from a local zero energy Andreev bound state, which would generically result in uncorrelated heat transfer at the two leads.
The value of the pumped heat Q ,α , is plotted as a function of T in Fig. 4 . The universal value Q ,α /2 ln 2 T = 1/4 is obtained under the physical conditions T µ min{Γ L , Γ R }. Away from this limit, at finite T , the pumped heat deviates form the universal value in a parameter dependent fashion. Applying a finite bias µ, introduces timeindependent contributions to the charge and heat currents which originate from Andreev reflection processes, present also in the absence of the adiabatic manipulation. In this case, the combination that singles out the contribution from the braiding process is Q α ≡ Q ,α + µ e Q e,α expressed by:
with Q 0,α given by Eq. (7). As long as µ T , a finite bias induces small corrections of the universal value. When T µ, instead, we have a different picture and a finite value of Q α is induced by the finite chemical potential. In the limit T = 0, and µ → 0 we have
Here the role of temperature is replaced by the chemical potential. The non abelian phase acquired during the pumping cycle is embedded in the linear dependence on the pumped heat on chemical potential. The general dependence on the bias µ is shown in the inset of Fig. 4 . As in the limit of µ = 0 and finite temperature, the deviation from the universal value occurs at µ ∼ min{Γ L , Γ R }. Three-terminal geometryWe next study the case where the three arms of the Y-junction setup are coupled to leads. This is described by the Hamiltonian H = H Y + H 3T + α H α with the same notation as in the two-leads case and where
and α = L, R, U . Following the steps outlined above, we calculate the scattering matrix using Eq. (3). In the rotated basis:
[Φ e,α ± Φ h,α ], the scattering matrix takes a block diagonal form, S( ) = 1 3 ⊕S( ), withS( ) ∈ U (3).
Restricting to the three dimensional basis of coupled
and projecting onto the ground state manifold, the coupling matrix takes the form
In the three terminal geometry,S( ) takes a more complicated form than that in Eq. (5)(cf. Ref. [39] for details). The combined heat and charge pumped along the cycle is then calculated using Eq. (7). Fig. 5 depicts the combined heat and charge, Q L /µ pumped during a braiding process for different values of the coupling strength to the upper lead. Interestingly, the universal value at vanishing energy is lost once the broadening due to the coupling to the third lead is of the order of µ. Therefore Q L /µ approaches 1/4 only in the regime
This result is to be expected, as the limit µ min Γ U , Γ L , Γ R is adiabatically connected to the limit of equal coupling, where we expect no charge transfer as a result of symmetry.
Conclusions-In conclusion, we have analysed a quantum device in which Majorana zero modes undergo a dynamical braiding operation, while the system is continuously probed by external leads. Considering explicitly the implementation in superconducting nanostructures where two Majorana endstates are contacted to external leads, we have related the accumulated non-abelian geometric phase to a surface integral in the space of scattering matrices. In the limit of low energy, this results in a universal value of the heat density pumped during a cycle. (Notably, the pumped charge is identically zero). We have analysed the robustness of the effect against the variation of parameters, temperature, and setup geometry. Our results establishes a first connection between transport properties and topologically protected dynamical operations in Majorana based devices. The identified universal property can provide a new ingredient for engineering heat pumping devices and for understanding the role of topological protection in thermodynamic processes.
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Where W is the matrix that encodes the coupling to the leads. It is possible to perform a unitary transformation that decouples some of the leads degrees of freedom form the system. We work in this rotated basis defined byΨ = (Φ
It follows directly that From Eq. (S1) that, in this basis, the scattering matrix takes a block diagonal form with only three channels coupled to the dot. We therefore restrict to the three dimensional basis of coupled channels,
. Denoting Γ U the coupling to the third lead, the coupling matrix takes the form:
Projecting onto the ground state manifold: P g = |θ θ| + |φ φ|. We can write:
The non-trivial part of the scattering matrix follows: The expression in Eq. (S4) simplifies considerably when the scattering matrix is evaluated along the path in parameter space of the pumping cycle. We obtain, for the three branches of the cycle: where C 1 = (L, U, θ), C 2 = (R, L, φ), C 3 = C 3 = (U, R, φ) and tan x (α,β,ψ) = (Γ α cos ψ 2 + Γ β sin ψ 2 )/ , tan y (α,β,ψ) = (2 Γ α Γ β cos ψ sin ψ)/(Γ β sin ψ 2 − Γ α cos ψ 2 ) and tan ζ α = Γ α / . The scattering matrix dependence on the parameters is represented graphically in Fig. S1 , which presents the x and y components along the path in parameter space.
GENERAL FORM OF THE SCATTERING MATRIX FOR 2 LEADS
Upon decoupling one of the leads, by setting Γ U = 0 in Eq. (S4), the scattering matrix reduces to that of the two-leads geometry,S( ) ∈ SU (2), which can be parametrised in terms of scattering matrices as 
In the limit of equal coupling we recover the simplified expressions (6) in the paper.
